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Devwudfw

Lw kdv ehhq dujxhg wkdw frqfdyh prghov h{klelw ohvv �hqgrjhqhlw| ri
jurzwk� wkdq prghov zlwk lqfuhdvlqj uhwxuqv wr vfdoh1 Khuh zh vwxg|
d vlpsoh prgho ri oderu vdylqj whfkqrorjlfdo lpsuryhphqw lq d frqfdyh
iudphzrun1 Fdslwdo fdq eh xvhg hlwkhu wr uhsurgxfh lwvhoi/ ru/ dw vrph
dgglwlrqdo frvw/ wr surgxfh d kljkhu txdolw| ri fdslwdo/ wkdw uhtxluhv ohvv
oderu lqsxw1 Li ehwwhu txdolw| fdslwdo fdq eh surgxfhg txlfno|/ zh jhw d
prgho ri �h{rjhqrxv jurzwk� lq zklfk wkh hfrqrp| jurzv dw d �{hg udwh
ghwhuplqhg vroho| e| whfkqrorj|/ lqghshqghqw ri suhihuhqfhv dqg ghvluh
iru vdylqjv1 Li/ krzhyhu/ ehwwhu txdolw| fdslwdo fdq eh surgxfhg vorzo|/
zh jhw d prgho ri �hqgrjhqrxv jurzwk� lq zklfk wkh jurzwk udwh ri wkh
hfrqrp| lv ghwhuplqhg e| suhihuhqfhv dqg ghvluh iru vdylqjv/ dv zhoo dv e|
whfkqrorj|1 Pruhryhu/ lq wkh odwwhu fdvh/ wkh surfhvv ri jurzwk lv qhfhvvdu0
lo| xqhyhq/ h{klelwlqj d qdwxudo f|foh zlwk shulrgv ri �jurzwk uhfhvvlrq1�
Jurzwk sdwk dqg whfkqrorjlfdo lqqrydwlrqv dovr h{klelw ghshqghqfh xsrq
lqlwldo frqglwlrqv1 Wkh prgho surylghv dq lqlwldo vwhs wrzdug d wkhru|
ri hqgrjhqrxv jurzwk lq Wrwdo Idfwru Surgxfwlylw| xqghu frqglwlrqv ri
shuihfw frpshwlwlrq1

4



4 Lqwurgxfwlrq

D ydulhw| ri dujxphqwv kdyh ehhq dgydqfhg dv wr zk| jurzwk prghov zlwk
lqfuhdvlqj uhwxuqv duh vxshulru wr wkrvh zlwk glplqlvklqj ru frqvwdqw uhwxuqv1
Iurp d wkhruhwlfdo vwdqgsrlqw/ wkh hqgrjhqhrxv yhuvxv h{rjhqrxv qdwxuh ri hfr0
qrplf jurzwk lv wkh sulqflsdo rqh1 Urphu ^4<<7`/ iru h{dpsoh/ vd|v wkdw wkh idfw
wkdw �whfkqlfdo dgydqfh frphv iurp wklqjv wkdw shrsoh gr� dqg lv qrw phuho|
�d ixqfwlrq ri hodsvhg fdohqgdu wlph/� dujxhv djdlqvw frqfdyh prghov ri �h{0
rjhqrxv� whfkqrorjlfdo fkdqjh1 Lq wklv lqwhusuhwdwlrq/ hqgrjhqhlw| phdqv wkdw
whfkqrorjlfdo lqqrydwlrqv vkrxog frph iurp �wklqjv shrsoh gr�1 Lq wklv sdshu
zh irfxv rq wkh lvvxh ri �hqgrjhqhlw|� ri jurzwk lq d frqfdyh vhwwlqj1 Zh glv0
wlqjxlvk ehwzhhq jurzwk gxh wr wkh dffxpxodwlrq ri idfwruv/ dqg jurzwk lq wkh
wrwdo surgxfwlylw| ri vxfk idfwruv/ zklfk zh uhihu wr dv whfkqrorjlfdo dgydqfh1
Wr eh frqfuhwh/ zh zloo sursrvh wkdw wkh jurzwk udwh ru wkh udwh ri whfkqrorjlfdo
dgydqfh duh hqgrjhqrxv li wkh| duh d�hfwhg lq d qrq0wulyldo zd| e| fkdqjhv lq
wkh udwh ri lqwhuwhpsrudo vxevwlwxwlrq lq frqvxpswlrq1 Qrwlfh wkdw lq wkh Vrorz
jurzwk prgho/ qhlwkhu wkh jurzwk udwh qru wkh udwh ri whfkqrorjlfdo dgydqfh
duh hqgrjhqrxv lq wklv vhqvh1 Lq Uhehor*v ^4<<4` DN prgho/ wkh jurzwk udwh lv
hqgrjhqrxv/ exw wkh udwh ri whfkqrorjlfdo dgydqfh lv qrw1 Rq wkh rwkhu kdqg/ lq
prghov zlwk lqfuhdvlqj uhwxuqv vxfk dv wkrvh ri Oxfdv ^4<;;` ru Urphu ^4<<3`/
qrw rqo| lv wkh jurzwk udwh hqgrjhqrxv/ exw vr lv wkh jurzwk ri wrwdo idfwru
surgxfwlylw|1

Lq wklv sdshu zh h{dplqh d vw|ol}hg frqfdyh prgho lq zklfk wkhuh duh lq0
�qlwho| pdq| gl�huhqw txdolwlhv ri fdslwdo1 Lq wklv zruog/ kljkhu ohyhov ri wr0
wdo idfwru surgxfwlylw| duh qdwxudoo| dvvrfldwhg zlwk kljkhu txdolwlhv ri fdslwdo1
Wkhuh lv d �{hg dqg srwhqwldoo| elqglqj oderu +ru qdwxudo uhvrxufh, frqvwudlqw1
Lpsuryhphqw lq wkh txdolw| ri fdslwdo lv oderu0vdylqj/ lq wkh vhqvh wkdw ehwwhu
txdolwlhv ri fdslwdo uhtxluh ohvv oderu lqsxw wr surgxfh d jlyhq dprxqw ri rxw0
sxw1 Lq dgglwlrq wr surgxflqj frqvxpswlrq/ dqg uhsurgxflqj fdslwdo ri wkh vdph
txdolw|/ fdslwdo fdq dovr eh xvhg wr surgxfh fdslwdo ri d kljkhu txdolw|1 Wklv
ohdgv wr d prgho lq zklfk lqyhvwphqw suryrnhv erwk fdslwdo zlghqlqj/ phdqlqj
wkh wrwdo vwrfn ri fdslwdo jurzv odujhu/ dqg fdslwdo ghhshqlqj/ phdqlqj wkdw wkh
txdolw| ri wkh fdslwdo vwrfn lv lpsuryhg1 Lq idfw/ ehfdxvh ri wkh �{hg oderu
vxsso|/ fdslwdo ghhshqlqj lv qhfhvvdu| iru fdslwdo zlghqlqj1 Zlwkrxw prylqj
wr kljkhu txdolwlhv ri fdslwdo wkdw xvh ohvv oderu shu xqlw ri rxwsxw/ wkhuh lv qr
uhdvrq wr exlog pruh fdslwdo1

Wkh hqgrjhqhlw| ri jurzwk lq wklv prgho ghshqgv rq krz udslgo| lw lv srvvleoh
wr surgxfh kljkhu txdolw| fdslwdo1 Li fdslwdo ri kljkhu txdolw| fdq eh surgxfhg
txlfno|/ zh jhw d prgho lghqwlfdo lq hvvhqfh wr wkh �h{rjhqrxv jurzwk� prgho
ri Vrorz= D qhz txdolw| ri fdslwdo lv lqwurgxfhg hyhu| shulrg/ dqg wkh hfrqrp|
jurzv dw d �{hg udwh lqghshqghqw ri wkh vxemhfwlyh glvfrxqw idfwru dqg rwkhu
suhihuhqfh ru whfkqrorj| sdudphwhuv1

Li qhz txdolw| fdslwdo fdq rqo| eh surgxfhg vorzo|/ wkh vlwxdwlrq fkdqjhv
gudvwlfdoo|1 Erwk wkh jurzwk udwh dqg wkh udwh ri whfkqrorjlfdo dgydqfh duh ixoo|
hqgrjhqrxv dqg ghshqg rq wkh vxemhfwlyh glvfrxqw idfwru dqg rwkhu sdudphwhuv
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ri suhihuhqfhv1 Wkh juhdwhu wkh ghjuhh ri sdwlhqfh/ wkh pruh udslgo| qhz txdol0
wlhv ri fdslwdo duh lqwurgxfhg/ dqg wkh idvwhu wkh hfrqrp| jurzv1 Lq wklv prgho/
whfkqlfdo dgydqfhv fohduo| frph iurp wklqjv wkdw shrsoh gr1 Lq idfw/ frqwudu| wr
prghov zkhuh h{whuqdolwlhv fduu| wkh gd|/ whfkqrorjlfdo lpsuryhphqwv khuh frph
iurp wklqjv wkdw shrsoh frqvflrxvo| fkrrvh wr gr1 Wkh| lqwurgxfh qhz whfkqror0
jlhv lq wkrvh shulrgv zkhq wkh| duh qhhghg wr uhod{ wkh oderu frqvwudlqw/ dqg
wkh| gr qrw lqwurgxfh qhz whfkqrorjlhv lq shulrgv lq zklfk vxfk qhhg lv de0
vhqw1 Dqrwkhu vwulnlqj ihdwxuh ri wklv prgho lv wkdw lw grhv qrw h{klelw d vprrwk
jurzwk sdwk1 Jurzwk iroorzv d qdwxudo f|foh lq zklfk judgxdo xszdug lqfuhdvhv
lq frqvxpswlrq duh lqwhuuxswhg e| shulrglf �uhfhvvlrqv� lq zklfk frqvxpswlrq
jurzwk uhpdlqv  dw1 Wklv shulrgv ri �fuhdwlyh ghvwuxfwlrq� duh wkrvh lq zklfk
d vkliw wr d qhz whfkqrorjlfdo sdudgljp �uvw wdnhv sodfh1

Wkh h{lvwhqfh ri jurzwk f|fohv lq wkh udwh dw zklfk whfkqrorjlfdo dgydqfhv
wdnh sodfh fdq eh h{whqghg wr prghov zlwk pdq| jrrgv/ vhfwruv dqg lqsxwv/ dv
orqj dv qdwxudo uhvrxufhv duh hvvhqwldo lq surgxfwlrq1 Wklv udwkhu vwuljkwiruzdug
h{whqvlrq lpsolhv rxu uhvxow kdv jhqhudo uhohydqfh1 Lq d zruog lq zklfk qdwxudo
uhvrxufhv duh vfdufh/ qdwxudo uhvrxufh0vdylqj whfkqrorjlfdo dgydqfhv duh qhhghg
wr lqfuhdvh shu fdslwd frqvxpswlrq1 Wkhq/ hlwkhu wkh whfkqrorj| lqwurgxflqj wkh
qhz pdfklqh lv h{wuhpho| surgxfwlyh/ ru jurzwkpxvw wdnh sodfh wkurxjk f|fohv1
Vdlg gl�huhqwo|/ edodqfhg jurzwk lv ihdvleoh rqo| lq wkh kljko| xqlqwhuhvwlqj
vlwxdwlrq lq zklfk hlwkhu wkh hfrqrp| lv douhdg| yhu| ulfk ru wkh lqqrydwlrq
whfkqrorj| lv xqxvxdoo| surgxfwlyh1 Lq doo rwkhu flufxpvwdqfhv/ f|folfdo jurzwk
lv wkh rqo| htxloleulxp rxwfrph1 Zh vxeplw wklv dv d whvwdeoh �wkhru| ri Wrwdo
Idfwru Surgxfwlylw|�/ dv dgyrfdwhg lq Suhvfrww +4<<;,1

Lq dgglwlrq wr hqgrjhqrxv jurzwk dqg d qdwxudo �exvlqhvv f|foh/� rxu hfrq0
rp| h{klelwv vhyhudo rwkhu vwulnlqj ihdwxuhv1 Lw h{klelwv �sdwk ghshqghqfh�
phdqlqj wkdw wkh orqj uxq jurzwk udwh ri wkh hfrqrp| fdq ghshqg rq wkh lqlwldo
vwrfn ri fdslwdo1 Lqghhg/ d vpdoo fkdqjh lq lqlwldo fdslwdo fdq pdnh wkh gl�huhqfh
ehwzhhq orqj0uxq lqqrydwlrq dqg jurzwk/ dqg orqj0uxq vwdjqdwlrq dqg ghfolqh1
Ilqdoo|/ lw lv srvvleoh iru wkh hfrqrp| wr jurz lq wkh vkruw0uxq/ lqwurgxflqj
qhz whfkqrorjlhv dqg zlwk frqvxpswlrq lqfuhdvlqj/ |hw lq wkh orqj0uxq idoo edfn
lqwr vwdjqdwlrq zlwk ghfolqlqj frqvxpswlrq/ xqhpsor|phqw dqg rqo| wkh zruvw
srvvleoh whfkqrorj| hpsor|hg1

5 Wkh Prgho

Zh frqvlghu dq lq�qlwh krul}rq hfrqrp|/ w @ 3> 4> 5> = = = zlwk d frqwlqxxp ri
krprjhqhrxv frqvxphuv1 Frqvxphuv ydoxh frqvxpswlrq fw 5 ?.1 Wkh shulrg
xwlolw| ixqfwlrq x+fw, lv erxqghg ehorz/ frqwlqxrxvo| gl�huhqwldeoh/ vwulfwo| lq0
fuhdvlqj/ dqg vwulfwo| frqfdyh1 Lw vdwlv�hv wkh Lqdgd frqglwlrqv olpf$3 x

3+f, @
.4 dqg olpf$.4 x3+f, @ 31 Wrwdo olihwlph xwlolw| lv jlyhq e| X+f, @S4

w@3 �
wx+fw,/ zkhuh 3 � � ? 4 lv wkh frpprq vxemhfwlyh glvfrxqw idfwru1 Ohw

� @ vxsih�nS4

w@3 �
wx+h�w, ? 4j1 Qrwlfh wkdw � � 4@�1

Frqvxpswlrq lv surgxfhg e| dfwlylwlhv wkdw xvh oderu dqg fdslwdo dv lqsxwv1
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Lq dgglwlrq/ fdslwdo lv surgxfhg iurp fdslwdo/ dqg oderu uhsurgxfhv lwvhoi1 Fdsl0
wdo frphv lq dq lq�qlwh vhtxhqfh ri gl�huhqw txdolwlhv/ lqgh{hg e| l @ 3> 4> = = = 1

Zulwh wkh yhfwru } @ +�> c, zkhuh � lv dq lq�qlwh yhfwru ri fdslwdo vwrfnv
ri gl�huhqw txdolwlhv/ dqg c lv d vfdodu ghqrwlqj oderu1 Wkh shulrg frpprglw|
vsdfh frqvlvwv ri wkh vhw ] � c4. frpsrvhg ri vhtxhqfhv +}4> }5> = = = > }q> = = = , � 3
iru zklfk }q @ 3 iru doo exw �qlwho| pdq| q1 Zh ohw wkh v|pero "l ghqrwh wkh
yhfwru frqvlvwlqj ri rqh xqlw ri fdslwdo l dqg }hur xqlwv ri doo rwkhu fdslwdov1 Vr/
iru h{dpsoh/ +"5> 3, lv dq lqsxw yhfwru zlwk 4 xqlw ri txdolw| 5 fdslwdo dqg }hur
xqlwv ri hyhu|wklqj hovh1

Wkh vhw ri doo dfwlylwlhv d lv ghqrwhg e| D1 Dq dfwlylw| d 5 D pd| eh zulwwhq
dv d yhfwru frqvlvwlqj ri d wulsohw ^}+d,> }.+d,> f+d,`>zkhuh }+d,> }.+d, 5 ]> f+d, 5
?.= Khuh }+d, @ ^�+d,> c+d,` uhsuhvhqwv wkh lqsxw uhtxluhphqw iru dfwlylw| d lq
shulrg w/ }.+d, @ ^�.+d,> c.+d,` uhsuhvhqwv wkh rxwsxw ri shulrg w . 4 lqsxwv
surgxfhg e| dfwlylw| d/ dqg f+d, uhsuhvhqwv frqvxpswlrq surgxfhg e| dfwlylw|
d iru shulrg w1

Rxu edvlf dvvxpswlrq lv wkdw fdslwdo ri txdolw| l fdq eh xvhg wr surgxfh
frqvxpswlrq/ fdslwdo ri wkh vdph txdolw| ru fdslwdo ri wkh qh{w kljkhu txdolw|1
Zh dvvxph wkdw oderu lv dq lqsxw +dqg dovr dq rxwsxw, lq wkh surgxfwlrq ri
frqvxpswlrq/ exw qrw lqwr wkh surgxfwlrq ri fdslwdo1 Dv zh glvfxvv lq wkh
frqfoxvlrq/ wklv lv frqvlvwhqw zlwk wkh lghd wkdw wkhuh lv olwwoh oderu prelolw|
ehwzhhq wkh frqvxpswlrq dqg lqyhvwphqw vhfwruv/ dqg hyhq li zh zhuh wr doorz
oderu prelolw|/ wkh jhqhudo qdwxuh ri rxu uhvxowv gr qrw fkdqjh1

Vshfl�fdoo|/ wkhuh lv d vhtxhqfh ri dfwlylwlhv iru surgxflqj frqvxpswlrq/ rqh
iru hdfk txdolw| ri fdslwdo l1 Iru txdolw| l fdslwdo/ wkh dfwlylw| lv ^"l> 4@�

l> 3> 4@�l> 4`/
� A 4= Lq rwkhu zrugv/ wr surgxfh d xqlw ri frqvxpswlrq uhtxluhv d xqlw ri fds0
lwdo +ri dq| txdolw|, dqg d qxpehu ri xqlwv ri oderu wkdw lv vpdoohu wkh kljkhu
lv wkh txdolw| ri wkh fdslwdo1 Qrwlfh wkdw oderu dsshduv erwk dv dq lqsxw dqg dv
dq rxwsxw= lq zrugv/ lw uhsurgxfhv lwvhoi1

Wzr vhtxhqfhv ri dfwlylwlhv fdq surgxfh fdslwdo1 Wkh| duh ^"l> 3>�"l> 3> 3`/
� A 4 dqg ^"l> 3> �"l.4> 3> 3`/ � A 31 Wklv phdqv wkdw wkh fxuuhqw txdolw| ri
fdslwdo pd| eh xvhg hlwkhu wr surgxfh � xqlwv ri wkh vdph txdolw| ri fdslwdo/ ru
� xqlwv ri wkh qh{w txdolw| ri fdslwdo1 Zh vhw � A �/ vr wkdw lqwurgxflqj wkh qh{w
txdolw| ri fdslwdo jrrgv lqvwhdg ri zlghqlqj wkh fxuuhqw rqh uhtxluhv d vdful�fh
ri fxuuhqw frqvxpswlrq1 Zh dvvxph wkdw � A plqi�> �j vr pd{lpxp xwlolw|
ryhu ihdvleoh frqvxpswlrq sdwkv lv �qlwh1 Zh dovr dvvxph wkdw wkhuh lv iuhh
glvsrvdo/ dqg dq dfwlylw| wkdw surgxfhv qh{w shulrg oderu e| phdqv ri fxuuhqw
shulrg oderu ^3> 4> 3> 4> 3`1

Wkh hqgrzphqw }3 lv wkh lqlwldo dprxqw ri txdolw| 3 fdslwdo/ �33 dqg rqh xqlw
ri oderu1

514 Htxloleulxp

D � 5 +�4w@3?D., lv fdoohg d surgxfwlrq sodq/ d f 5 +�4w@3?., lv fdoohg d
frqvxpswlrq sodq1 Wrjhwkhu wkh| ghwhuplqh dq +lqwhuwhpsrudo, doorfdwlrq1
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Gh�qlwlrq 4 Wkh doorfdwlrq �> f lv d ihdvleoh doorfdwlrq iru wkh lqlwldo frq0
glwlrq }3 li iru doo w � 3

4 �
[
d5D

�w+d,c+d,

�33 �
[
d5D

�3+d,�+d,[
d5D

�w+d,}
.+d, �

[
d5D

�w.4+d,}+d,

Gh�qlwlrq 5 Wkh doorfdwlrq ��/ f� vroyhv wkh vrfldo sodqqhu sureohp iru
lqlwldo frqglwlrq }3 li lw vroyhv

pd{
�>f

X+f,

vxemhfw wr ihdvlelolw| ri wkh doorfdwlrq1

Qrwlfh wkdw lq d ihdvleoh surgxfwlrq sodq �w+d, @ 3 li d xvhv dv lqsxw dq|
txdolw| ri fdslwdo juhdwhu wkdq w1 Ghqrwh e| Dw wkh vhw ri yldeoh dfwlylwlhv
zklfk xvh dv lqsxw txdolwlhv ri fdslwdo qr juhdwhu wkdq w1

Ohw tlw ghqrwh wkh sulfh ri txdolw| l fdslwdo dw wlph w/ ohw tcw ghqrwh wkh sulfh ri
oderu dw wlph w/ dqg ohw sw ghqrwh wkh sulfh ri frqvxpswlrq dw wlph w1 Zh ghqrwh
e| tw wkh yhfwru ri doo lqsxw sulfhv dw wlph w/ dqg ohw t> s uhvshfwlyho| ghqrwh wkh
lq�qlwh vhtxhqfh ri sulfhv ri wkh wzr lqsxwv dqg frqvxpswlrq vwduwlqj lq shulrg
31 Sulfhv t> s dqg d ihdvleoh doorfdwlrq �> f duh d frpshwlwlyh htxloleulxp li f
pd{lpl}hv X+f, vxemhfw wr wkh exgjhw frqvwudlqw

4[
w@3

swfw � t33�
3
3 . tc3>

dqg dfwlylwlhv vdwlvi| wkh }hur sur�w frqglwlrq

tw.4 �
�
�.+d,> c.+d,

�
. swf+d,� tw � ^�+d,> c+d,` � 3>;d 5 Dw> w @ 3> 4> = = =

zlwk htxdolw| li �w+d, A 31

Lq wkh dsshqgl{ zh suryh wkh uhohydqw yhuvlrq ri wkh Iluvw dqg VhfrqgZhoiduh
Wkhruhpv=

Wkhruhp 4 Vxssrvh wkdw ��> f� lv d ihdvleoh doorfdwlrq iru wkh lqlwldo frqglwlrq
}31 Wkhq ��> f� vroyhv wkh vrfldo sodqqhu sureohp li dqg rqo| li zh fdq �qg sulfhv
t> s vxfk wkdw t> s> ��> f� duh d frpshwlwlyh htxloleulxp1

Wkh iroorzlqj h{lvwhqfh dqg xqltxhqhvv uhvxow lv dovr suryhg lq wkh dsshqgl{1
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Wkhruhp 5 Iru jlyhq }3/ d frpshwlwlyh htxloleulxp h{lvwv/ dqg wkhuh lv d xqltxh
frpshwlwlyh htxloleulxp frqvxpswlrq sodq f�=

Iru dq| jlyhq ydoxh ri fw revhuyh wkdw hlwkhu fw � 4 ru iru vrph l A 3>
�l�4 ? fw � �l1 Lq wkh iruphu fdvh gh�qh �+fw, @ 3/ lq wkh odwwhu �+fw, @ l1
Gh�qh

�33+fw, @

+
��wfw �+fw, @ 3

��w
�
�
�

��+fw, �fw��
�+fw,

��4 . ��w
�
�
�

��+fw,�4 ��+fw,�fw
��4 �+fw, A 3=

Wkh odwwhu h{suhvvlrq uhsuhvhqwv �wkh dprxqw ri lqlwldo fdslwdo uhtxluhg wr sur0
gxfhg fw zkhq lw lv surgxfhg xvlqj rqo| txdolwlhv �+fw, dqg �+fw, � 4 fdslwdo�1
Gh�qh dovr wkh �lqlwldo fdslwdo uhtxluhphqw wr surgxfh f�

�33+f, @
4[
w@3

�33+fw,=

Ilqdoo|/ gh�qh wkh frqvwdqwv

�3 @ 4

�l @ +�@�,l�4 ^+��@�,� 4` @ +� � 4, =

Iru t33 � 3 dqg w @ 3> 4> = = = / zh xvh wkhvh frqvwdqwv wr gh�qh wkh iroorzlqj
fruuhvsrqghqfh f3w 5 Fw+fw> t33, iurp fw 5 ^3> �w` lqwr ?.

x3+f3w, @ +��,�w t33��+fw, li fw ? ��+fw,> �+fw, � w

+��,�w t33��+fw, � x3+f3w, � +��,�w t33��+fw,.4 li fw @ ��+fw,> �+fw, ? w

+��,�w t33��+fw, � x3+f3w, li fw @ ��+fw,> �+fw, @ w

Wklv fruuhvsrqghqfh frqvlvwv ri krul}rqwdo dqg yhuwlfdo olqh vhjphqwv iruplqj
wkh vwhsv ri d �ghvfhqglqj� vwdlu1 Lw lv xsshu0khpl0frqwlqxrxv/ frqyh{ ydoxhg
dqg qrq0lqfuhdvlqj1 Lw lv lpphgldwh wr vhh wkdw/ iru jlyhq t33 dqg w/ lw kdv rqo|
rqh �{hg srlqw f�w 5 +3> �w`1 Wkh nh| surshuw| ri wklv fruuhvsrqghqfh lv wkdw
lwv �{hg srlqwv fdswxuh wkh �uvw rughu frqglwlrqv iru dq rswlpdo sdwk1 Lq wkh
dsshqgl{ zh suryh wkh iroorzlqj1

Wkhruhp 6 Iru jlyhq }3 wkh ihdvleoh frqvxpswlrq sodq f� lv dq rswlpxp li
dqg rqo| li wkhuh h{lvwv d t33 vxfk wkdw

�33 � �33+f
�, zlwk htxdolw| xqohvv t33 @ 3

f�w 5 Fw+f
�
w > t

3
3,

Pruhryhu/ htxloleulxp sulfhv duh jlyhq e| wkh iroorzlqj

tlw @ ��w
�
�

�

�l

t33>
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�wx3+f�w ,� �w+�@�,�wt33
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dqg

tcW @
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zw=

Wkh htxloleulxp surgxfwlrq sodq lv dq| ihdvleoh sodq wkdw surgxfhv f�w xvlqj rqo|
txdolw| �+f�w , dqg �+f�w , � 4 txdolw| fdslwdo/ dqg kdv ixoo hpor|phqw zkhqhyhu
�+f�w , A 31

6 Vrorz/ Jurzwk F|fohv dqg Vwdjqdwlrq

Khuh zh irfxv rq wkh orqj0uxq ehkdylru ri wkh hfrqrp|1 Zh vkrz wkdw wkhuh
duh wkuhh srvvleoh rxwfrphv1 Lq wkh �uvw/ d qhz whfkqrorj| lv lqwurgxfhg hyhu|
shulrg dqg wkh hfrqrp| jurzv dw wkh udwh �1 Zh uhihu wr wklv dv wkh Vrorz
jurzwk sdwk1 Iru wkh whfkqrorj| zklfk lv ehlqj frqvlghuhg khuh/ wkh Vrorz
sdwk surylghv wkh kljkhvw dwwdlqdeoh ohyho ri frqvxpswlrq lq hdfk vlqjoh shulrg>
khqfh rxu uhihuhqfh wr wklv dv �qluydqd� ru �jroghq djh� sdwk1 Dw wkh rssrvlwh
h{wuhph/ lw pd| eh wkh fdvh wkdw qr qhz whfkqrorjlhv duh hyhu lqwurgxfhg diwhu
d �qlwh qxpehu ri qhz txdolwlhv ri fdslwdo kdyh ehhq dgrswhg/ dqg wkh fdslwdo
vwrfn hlwkhu ghfolqhv ru uhpdlqv wkh vdph ryhu wlph1 Zh uhihu wr wklv dv wkh
vwdjqdwlrq vwhdg| vwdwh1 Zkloh srvvleoh lq sulqflsoh/ jroghq djh dqg vwdjqdwlrq
duh yhu| xqolnho| rxwfrphv uhtxlulqj h{wuhph frq�jxudwlrqv ri wkh sdudphwhu
ydoxhv1 Ilqdoo|/ wkh hfrqrp| pd| hqwhu dq luuhjxodu jurzwk f|foh/ lq zklfk wzr
gl�huhqw txdolwlhv ri fdslwdo duh xvhg iru d shulrg ri wlph/ wkhq wkh orzhu txdolw|
fdslwdo lv gursshg dqg d qhz txdolw| ri fdslwdo lv lqwurgxfhg iru wkh �uvw wlph/
dqg vr rq1 Zh uhihu wr wklv dv wkh jurzwk f|foh1 Wklv lv wkh pdlq irfxv ri rxu
lqwhuhvw1

Zh �uvw vwxg| wkh Vrorz edodqfhg jurzwk sdwk/ zklfk lv wkh hdvlhvw dqg qh{w
wkh jurzwk f|foh/ zklfk lv wkh prvw lqwhuhvwlqj1 Zh frqfoxgh zlwk wkh vshfldo
fdvh ri vwdjqdwlrq1

614 Wkh Vrorz Edodqfhg Jurzwk Sdwk

Lpsurylqj wkh txdolw| ri fdslwdo grhv qrw fkdqjh wkh dprxqw ri rxwsxw wkdw fdq
eh surgxfhg iurp wkdw fdslwdo/ exw lw grhv uhgxfh wkh oderu uhtxluhphqw iru rqh
xqlw ri rxwsxw1 Vlqfh wkhuh lv d �{hg vxsso| ri oderu/ wkh hfrqrp| fdq jurz/
exw rqo| e| frqwlqxdoo| prylqj wr pruh dgydqfhg txdolwlhv ri fdslwdo wkdw pdnh
lw srvvleoh wr surgxfh lqfuhdvhg dprxqwv ri rxwsxw iurp wkh h{lvwlqj vwrfn ri
oderu1 Zkhq wkh lqqrydwlrq rffxuuv/ � xqlwv ri qhz fdslwdo duh surgxfhg iru hdfk
xqlw ri rog fdslwdo lqyhvwhg/ jhqhudwlqj dq dgglwlrqdo ghpdqg ri �@� � 4 xqlwv
ri oderu lqsxw1 Li � A � wkh odwwhu txdqwlw| lv srvlwlyh dqg/ lq hdfk shulrg/ lw lv
srvvleoh wr vkliw wkh hqwluh vwrfn ri fdslwdo iurp rqh txdolw| wr wkh qh{w zlwkrxw
fdxvlqj oderu wr eh xqhpsor|hg1 Li d qhz txdolw| ri fdslwdo lv lqwurgxfhg hdfk
shulrg/ wkh fdslwdo vwrfn fdq jurz idvw hqrxjk wkdw doo oderu lv hpsor|hg rq

:



fdslwdo ri wkh qhzhvw txdolw|1 Lq wklv fdvh wkh udwh ri whfkqrorjlfdo surjuhvv lv
lqghshqghqw ri suhihuhqfhv/ dqg dovr lqghshqghqw ri suhihuhqfhv/ frqvxpswlrq
jurzv dw wkh �{hg udwh �1 Zh uhihu wr wklv dv wkh Vrorz jurzwk sdwk/ vlqfh wklv
lv wkh vdph uhvxow dv lq wkh Vrorz jurzwk prgho zlwk h{rjhqrxv whfkqrorjlfdo
surjuhvv1

Li wkh lqlwldo fdslwdo vwrfn lv odujh hqrxjk/ wkhq wkh xqltxh htxloleulxp lv
wklv Vrorz jurzwk sdwk ehjlqqlqj zlwk frqvxplqj d xqlw lq shulrg rqh1 Qrwlfh
wkdw li wklv sdwk lv ihdvleoh lw pxvw eh rswlpdo/ vlqfh lw lv qrw srvvleoh e| dq|
sodq wr kdyh kljkhu frqvxpswlrq lq dq| shulrg1

Uhfdoo wkdw �33 lv wkh lqlwldo vwrfn dqg �lw ghqrwhv wkh fdslwdo vwrfn ri txdolw|
l dw wlph w= Dorqj d Vrorz jurzwk sdwk/ dw w rqo| �ww lv srvlwlyh1 Vxssrvh wkdw �

3
3

lv wkh ohdvw fdslwdo vwrfn qhhghg iru wkh Vrorz jurzwk sdwk1 Wkhq zh pxvw kdyh
�44 @ ��331 Lq dgglwlrq d xqlw ri fdslwdo pxvw eh xvhg wr surgxfh frqvxpswlrq
ri 4 lq shulrg 3/ vr �44 @ �

�
�33 � 4

�
1 Vroylqj/ zh �qg wkdw

�33 @
�

�� �
=

Zh vxppdul}h e|

Wkhruhp 7 Li � A � dqg �33 � �@+�� �,/ wkh xqltxh htxloleulxp lv d edodqfhg
jurzwk sdwk lq zklfk d qhz whfkqrorj| lv lqwurgxfhg hyhu| shulrg/ frqvxpswlrq
lq shulrg w lv �w/ fdslwdo dovr jurzv dw wkh udwh � dqg wkhuh lv ixoo hpsor|phqw
lq doo shulrgv1

Qh{w zh orrn dw wkh ehkdylru ri sulfhv/ idfwru vkduhv dqg revhuydeoh WIS
dorqj wkh Vrorz sdwk1 Qrwlfh �uvw wkdw �w @ 4 dqg �w @ w doo w1 Ixuwkhu/
�33+�

w, @ �
��� 1 Khqfh t33 @ 3 li �33 A �

��� 1 Lq idfw/ lq wklv Vrorz fdvh/ zh pd|
wdnh wkh lqlwldo sulfh ri fdslwdo t33 @ 3/ dovr iru �33 @ �

��� vlqfh xwlolw| grhv qrw
lqfuhdvh zlwk lqfuhdvhv lq wkh fdslwdo vwrfn1 Wklv lpsolhv dovr wkdw wkh sulfhv ri
doo txdolwlhv ri fdslwdo lq doo shulrgv lv }hur1 Qrupdol}lqj wkh pdujlqdo xwlolw| ri
lqfrph # @ 4/ wkh frqvxpswlrq sulfhv duh

sw @ �wx3+�w,=

Zdjhv duh

zw @ �wsw

dqg wkh uhdo zdjh �zw @ zw@sw @ �w> vr uhdo zdjhv jurz h{srqhqwldoo| ryhu wlph1
Qrwlfh wkdw/ lqghshqghqwo| iurp rxu qrupdol}dwlrq ri wkh lqlwldo sulfh ri

fdslwdo/ rxwsxw jurzv dw d frqvwdqw dqg h{rjhqrxv udwh � dqg idfwru vkduhv duh
frqvwdqw dw wkh ohyho ghwhuplqhg lq wkh �uvw shulrg1 Wkh fdslwdo2oderu udwlr
lv dovr jurzlqj dw wkh frqvwdqw udwh �1 Vlploduo| iru �h�hfwlyh� ru/ dv zh fdoo
lw khuh/ hqkdqfhg oderu zlwk wkh surgxfwlylw| ri sk|vlfdo oderu jurzlqj dw wkh
h{rjhqrxv udwh �1 Khqfh rxu jroghq djh lv revhuydwlrqdoo| htxlydohqw wr wkh
wudglwlrqdo Vrorz jurzwk prgho/ zlwk d Free0Grxjodv surgxfwlrq ixqfwlrq dqg
h{rjhqrxv whfkqrorjlfdo surjuhvv1

;



615 Wkh Jurzwk F|foh

Zkhq flufxpvwdqfhv duh qrw vr oxfn|/ wkdw lv zkhq hlwkhu � ? � ru wkh lqlwldo
vwrfn ri fdslwdo �33 ? �@+�� �, lv wrr orz wr pdnh wkh Vrorz sdwk lpphgldwho|
dffhvvleoh/ wkh orqj uxq ehkdylru ri erwk frqvxpswlrq dqg wkh lqwurgxfwlrq ri
qhz whfkqrorjlhv zloo jhqhudoo| ghshqg xsrq suhihuhqfhv/ dqg lq sduwlfxodu rq
wkh vxemhfwlyh glvfrxqw idfwru �1 Wkhuh duh wzr fdvhv/ ghshqglqj rq zkhwkhu
�� A 4/ ru �� � 41 Li wkhuh zdv qr oderu frqvwudlqw/ wklv zrxog fruuhvsrqg wr
wkh fdvh lq zklfk wkh htxloleulxp h{klelwv vxvwdlqhg jurzwk wkurxjk fdslwdo df0
fxpxodwlrq/ ru vwdjqdwlrq/ zlwk frqvxpswlrq hyhqwxdoo| erxqghg ru ghfuhdvlqj1
Dv zh vkdoo vhh/ wklv uhpdlqv wkh fdvh zlwk d oderu frqvwudlqw1 Zh wdnh ri wkh
fdvh ri d jurzlqj hfrqrp|/ wkdw lv �� A 4/ �uvw1

61514 Wkh Jhqhudo Fdvh

Zh ehjlq e| hvwdeolvklqj wkdw �� A 4 grhv fruuhvsrqg wr vxvwdlqhg jurzwk1
Iluvw zh revhuyh wkdw frqvxpswlrq lv qrq0ghfuhdvlqj=

Ohppd 4 Vxssrvh wkdw �� A 41 Wkhq f�w.4 � f�w 1

Surri1 Wkh fruuhvsrqghqfh F lv d vwdluvwhs zlwk yhuwlfhv�
�l> ^x3`

�4
�
+��,�w t33+�@�,

l�4 ^+��@�,� 4` @ +� � 4,
��

=

Lqfuhdvlqj �� lqfuhdvhv wkh khljkw ri wkh yhuwh{ iru hdfk �l1 Lq dgglwlrq/ wkh
xsshu erxqg rq wkh grpdlq ri wkh fruuhvsrqghqfh/ �w/ jurzv odujhu zlwk w dv
zhoo1 Lw iroorzv wkdw wkh �{hg srlqw f�w pxvw eh qrq0ghfuhdvlqj1

Dq lpphgldwh lpsolfdwlrq lv wkdw wkh whfkqrorjlhv xvhg wr surgxfh frqvxps0
wlrq pxvw eh lpsurylqj ryhu wlph/ iru zlwk ixoo hpsor|phqw/ frqvxpswlrq zrxog
rwkhuzlvh kdyh wr ghfuhdvh1 Lw lv dovr wkh fdvh wkdw dv|pswrwlfdoo|/ wkhuh lv qr
xsshu erxqg rq wkh txdolw| ri fdslwdo xvhg wr surgxfh frqvxpswlrq1

Ohppd 5 Vxssrvh wkdw �� A 41 Wkhq wkhuh lv qr xsshu erxqg rq wkh txdolwlhv
ri fdslwdo xvhg wr surgxfh frqvxpswlrq1

Surri1 Revhuyh wkdw iru �{hg l dv w $ 4/

+��,�w t33+�@�,
l�4 ^+��@�,� 4`

+� � 4,
$ 3=

Khqfh/ iru dq| jlyhq l/ iru odujh hqrxjk w wkh �{hg srlqw ri F pxvw olh wr wkh
uljkw ri �l> phdqlqj wkdw d ehwwhu txdolw| fdslwdo wkdq l lv xvhg wr surgxfh
frqvxpswlrq1

Wkh jhqhudo slfwxuh lv wklv1 Dv w jurzv odujhu/ wkh fruuhvsrqghqfh F pryhv
xs dqg wr wkh uljkw1 Revhuyh wkdw F kdv rqo| krul}rqwdo dqg yhuwlfdo vhjphqwv1
Li wkh fruuhvsrqghqfh pryhv xszdugv vx!flhqwo| vorzo| +�� qhdu 4, wkhq wkh

<



�{hg srlqw zloo jhqhudoo| olh rq wkh vdph vhjphqw iru vhyhudo frqvhfxwlyh shul0
rgv1 Wklv ohqjwk ri wlph zloo ghwhuplqh wkh udwh dw zklfk qhz whfkqrorjlhv duh
lqwurgxfhg1 Lq dgglwlrq/ wkh v|vwhp ehkdyhv gl�huhqwo| rq krul}rqwdo dqg yhuwl0
fdo vhjphqwv1 Rq krul}rqwdo vhjphqwv/ wzr w|shv ri fdslwdo duh xvhg wr surgxfh
frqvxpswlrq/ dqg frqvxpswlrq jurzv dv wkh fruuhvsrqghqfh F vkliwv xszdugv1
Zh uhihu wr wklv dv d errp1 Rq yhuwlfdo vhjphqwv/ rqo| rqh w|sh ri fdslwdo lv
xvhg wr surgxfh frqvxpswlrq/ dqg frqvxpswlrq uhpdlqv frqvwdqw dv wkh fruuh0
vsrqghqfh F vkliwv xszdugv1 Zh uhihu wr wklv dv d uhfhvvlrq +vwulfwo| vshdnlqj/
d jurzwk uhfhvvlrq,1 Lq rwkhu zrugv wkh hfrqrp| h{klelwv dq hqgrjhqrxv f|foh
lq whfkqrorjlfdo lqqrydwlrq dqg/ wkhuhiruh/ lq wkh jurzwk udwh ri Wrwdo Idfwru
Surgxfwlylw|1

Rqh vwulnlqj idfw lv wkdw gxulqj d uhfhvvlrq/ wkh uhdo zdjh lqfuhdvhv1 Vshfl�0
fdoo|/ gxulqj d uhfhvvlrq/ frqvxpswlrq lv frqvwdqw/ vr wkh suhvhqw ydoxh sulfh ri
frqvxpswlrq ghfolqhv e| d idfwru �1 Rq wkh rwkhu kdqg/ wkh suhvhqw ydoxh sulfh
ri hdfk txdolw| ri fdslwdo ghfolqhv dw 4@� ? �/ dqg lq sduwlfxodu wkh uhdo sulfh
ri fdslwdo idoov1 Vlqfh rqo| rqh dfwlylw| lv xvhg wr surgxfh frqvxpswlrq/ }hur
sur�wv iru wklv dfwlylw| lpsolhv wkh uhdo zdjh pxvw lqfuhdvh1 Gxulqj d uhfhvvlrq/
wkh uhdo sulfh ri �kljkhu� txdolw| fdslwdo ghfolqhv/ dqg wkh uhdo zdjh lqfuhdvhv/
xqwlo lw ehfrph sur�wdeoh wr lqwurgxfh wkh qh{w kljkhu txdolw| ri fdslwdo lqwr
surgxflqj frqvxpswlrq wr vdyh rq oderu1 Lq wklv vhqvh/ whfkqrorjlfdo surjuhvv
lv �eldvhg� lq wklv prgho dv lw wdnhv sodfh wr frqvhuyh d sduwlfxodu idfwru zkhq
lwv uhodwlyh sulfh lv kljk hqrxjk wr pdnh wkh lqqrydwlrq sur�wdeoh1

616 Wkh Frqwlqxrxv Wlph Olplw

Zh fdq jhw d pruh dffxudwh slfwxuh ri wkh f|foh e| vwxg|lqj d vshfldo fdvh1
Vxssrvh wkh wlph � ehwzhhq shulrgv lv vpdoo1 Vr wkdw wkh f|foh grhv qrw ghshqg
rq wlph/ dvvxph wkdw/ dw ohdvw iru frqvxpswlrq h{fhhglqj d plqlpxp dprxqw/
suhihuhqfhv kdyh wkh FHV irup

x+fw, @ �+4@�,^fw`
��=

Lq dgglwlrq/ wdnh � @ h�u�/ � @ he�/ wkh dvvxpswlrq �� A 4 fruuhvsrqgv wr
e A u1 Zh dovr dvvxph wkdw lqqrydwlrqv duh glvfuhwh/ vr wkdw wkh h{whqw wr zklfk
pdfklqh l vdyhv rq oderu uhodwlyh wr pdfklqh l�4 lv lqglshqghqw ri wlph1 Khqfh
� A 4 lqghshqghqwo| ri �1 Zh dovr kdyh � @ ��hg�= Vlqfh lqqrydwlrqv duh frvwo|/
zh dvvxph wkdw �� ? 41 Dv zh duh lqwhuhvwhg rqo| lq vpdoo ydoxhv ri �/ zh pd|
dovr dvvxph wkdw � @ ��hg� ? �1 Zh dovr ghqrwh fdohqgdu wlph e| � @ w�1

Vxssrvh dw vrph sduwlfxodu wlph wkdw f�w @ �l�4= Wkhq

x3+f�w , @ +��,�w t33+�@�,
l�4 ^+��@�,� 4` @ +� � 4, =

Wklv fruuhvsrqgv wr wkh ehjlqqlqj ri d krul}rqwdo vhjphqw ru d errp1 Lq rxu
vshfldo fdvh/ zh pd| zulwh wklv dv

f�w @
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���@�
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Dv � lqfuhdvhv/ vr grhv f�w xqwlo hyhqwxdoo| f�w @ �l> dw zklfk srlqw wkh uhfhvvlrq
rffxuv1 Zh fdq fdofxodwh d jrrg dssur{lpdwlrq wr wklv ohqjwk ri wlph e| wdnlqj
wkh frqwlqxrxv wlph olplw zkhq � $ 3

f�w @

�
h+u�e,�t33+4@��,

l�4 +�@��,� 4

� � 4

��4@+�.4,
=

Lq rwkhu zrugv/ frqvxpswlrq lv vlpso| jurzlqj dw wkh udwh +e � u,@+� . 4,1
Wkh ohqjwk ri wkh errp �e lv ghwhuplqhg e| wkh dprxqw ri wlph uhtxluhg iru
frqvxpswlrq wr jurz e| d idfwru ri �/ ru

�e @
� . 4

e� u
oq�=

Wkh uhfhvvlrq/ rq wkh rwkhu kdqg/ odvwv iurp w/ wr w. �u@� zkhuh

+��,�w t33+�@�,
l�4 ^+��@�,� 4` @ +� � 4,

@ +��,�+w.�u@�, t33+�@�,
l ^+��@�,� 4` @ +� � 4, =

Wkh frqwlqxrxv wlph dssur{lpdwlrq jlyhv/

h+u�e,�u
h+e�g,�

��
@ 4=

Wdnlqj wkh olplw iru � $ 3 dqg vroylqj iru �u

�u @ � oq h�
e� u

=

Frqvlghu �uvw wkh ohqjwk �f @ �e . �u ri wkh zkroh f|foh1 Wklv lv

�f @
4

e� u

�
oq+

�4.�
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,

�
>

zklfk lv lqfuhdvlqj lq �/ � dqg u dqg ghfuhdvlqj lq e dqg ��1 Wkh vkruwhu wkh f|foh/
wkh pruh txlfno| qhz whfkqrorjlhv duh lqwurgxfhg/ vr zh �qg wkdw lqqrydwlrq
uhvsrqgv qhjdwlyho| wr wkh txdolw| ri wkh lqqrydwlrq �/ wkh suhihuhqfh sdudphwhu
�/ dqg wkh vxemhfwlyh ghjuhh ri lpsdwlhqfh u1 Wkh prvw lqwhuhvwlqj ri wkhvh lv
wkh txdolw| ri wkh lqqrydwlrq �1 Kljkhu txdolw| lqqrydwlrqv lq wklv prgho ohdg
wr ohvv lqqrydwlrq/ ehfdxvh wkh| pdnh lw srvvleoh wr jurz iru d orqjhu shulrg
ri wlph zlwkrxw klwwlqj wkh oderu frqvwudlqw1 Rq wkh rwkhu kdqg/ zh �qg wkdw
wkhuh lv pruh lqqrydwlrq li wkh frvw ri surgxflqj fdslwdo/ dv phdvxuhg e| wkh
lqyhuvh ri hlwkhu e ru ��> jrhv grzq1

Wkh uhodwlyh ohqjwk ri wkh wzr skdvhv/ errpv dqg uhfhvvlrqv/ lv

�e
�u

@ �+4 . �,
oq�

oq ��
=

Lqwhuhvwlqjo| hqrxjk/ qhlwkhu wkh surgxfwlylw| ri wkh fdslwdo zlghqlqj whfkqro0
rj|/ qru wkh ghjuhh ri lpsdwlhqfh d�hfw wkh uhodwlyh ohqjwk ri errpv dqg uhfhv0
vlrqv1 Hfrqrplhv zkhuh shrsoh h{klelw orz zloolqjqhvv wr vxevwlwxwh frqvxps0
wlrq ryhu wlph +kljk ydoxhv ri �, kdyh orqjhu +exw �ohvv udpsdqw�, errpv iru
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d jlyhq uhfhvvlrq ohqjwk1 Dv zh qrwhg deryh/ lpsuryhg txdolw| ri lqqrydwlrq
+kljk �, pdnhv lw srvvleoh wr jurz iru d orqjhu shulrg ri wlph zlwkrxw klwwlqj
wkh oderu frqvwudlqw1 Wklv lqfuhdvhv wkh ohqjwk ri errpv/ exw qrw ri uhfhvvlrqv1
Ilqdoo|/ d odujh frvw ri lqqrydwlrq lv erxqg wr lqfuhdvh wkh uhodwlyh dprxqw ri
wlph vshqw lq uhfhvvlrq1

Wkh dyhudjh jurzwk udwh ri frqvxpswlrq ryhu dq hqwluh f|foh lv wkh ydoxh ri
j vroylqj

� @ h{s

�
j � 4

e� u
oq
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�4.�
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��
>

zklfk lv

j @
e� u

4 . � � oq ��@ oq�
=

Khqfh/ hfrqrplhv zkhuh shrsoh duh pruh zloolqj wr vxevwlwxwh frqvxpswlrq ryhu
wlph jurz idvwhu rq dyhudjh/ dv gr hfrqrplhv deoh wr lpsohphqw pruh vxevwdqwldo
lqqrydwlrqv1

Zh douhdg| qrwhg deryh wkdw wkh uhdo zdjh jurzv gxulqj uhfhvvlrq1 Dv wkhuh
lv dozd|v ixoo hpsor|phqw/ wklv lpsolhv d frxqwhuf|folfdo pryhphqw lq wkh oderu
vkduh ri qdwlrqdo lqfrph1 Ryhu wkh hqwluh f|foh/ surgxfwlylw| ri oderu jurzv
ri d idfwru �/ wkh vdph iru wkh uhdo zdjh1 Dv frqvxpswlrq lv frqvwdqw gxulqj
uhfhvvlrqv/ lwv sulfh uhodwlyh wr erwk rog dqg qhz fdslwdo pxvw eh lqfuhdvlqj wkhq1
Ryhudoo/ wkh sulfh ri d pdfklqh ri txdolw| l ghfuhdvhv ryhu wlph uhodwlyh wr wkdw
ri frqvxpswlrq dqg wkh udwh ri ghfuhdvh lv xqlirup dfurvv txdolwlhv1

617 Vwdjqdwlrq

Ilqdoo| zh wxuq wr wkh fdvh lq zklfk �� � 41 Lq wkh devhqfh ri d oderu frq0
vwudlqw/ wklv zrxog lpso| wkdw wkh hfrqrp| uhpdlqv vwdjqdqw/ hlwkhu zlwk frq0
vwdqw frqvxpswlrq li �� @ 4> ru ghfolqlqj frqvxpswlrq li �� ? 41 Zlwk wkh
oderu frqvwudlqw/ li � A � dqg �33 � �@+� � �, zh kdyh douhdg| lqglfdwhg wkdw
wkh htxloleulxp lv wkh Vrorz sdwk ri h{rjhqrxv vxvwdlqhg jurzwk uhjdugohvv ri
zkhwkhu �� � 41 Lq wklv fdvh/ lqwurgxflqj d oderu frqvwudlqw dqg wkh srvvl0
elolw| ri idfwru vdylqj whfkqrorjlfdo surjuhvv/ fkdqjhv d vwdjqdqw hfrqrp| lq
zklfk frqvxpswlrq qhyhu jurzv lqwr dq h{sdqglqj hfrqrp| lq zklfk frqvxps0
wlrq jurzv iruhyhu/ dqg qhz whfkqrorjlhv duh lqwurgxfhg hyhu| shulrg1 Lq wkh
orqj0uxq/ wkh dgglwlrqdo frqvwudlqw fdq eh vhhq dv wkh lqfhqwlyh wrzdug dgrswlqj
whfkqrorjlfdo lqqrydwlrqv wkdw ohdg wr kljkhu frqvxpswlrq1

Rq wkh rwkhu kdqg/ wkh qh{w wkhruhp vkrzv wkdw li hlwkhu wkh Vrorz sdwk grhv
qrw h{lvw ehfdxvh � ? �/ ru wkhuh lv lqvx!flhqw lqlwldo fdslwdo/ wkhq wkh slfwxuh
lv lqghhg rqh ri d vwdjqdqw hfrqrp| lq wkh orqj uxq1 Wkhuh lv dq xsshu olplw rq
wkh kljkhvw txdolw| ri fdslwdo hyhu surgxfhg/ dqg xowlpdwho| frqvxpswlrq hlwkhu
vwrsv jurzlqj +�� @ 4, ru ghfolqhv +�� ? 4,1

Wkhruhp 8 Vxssrvh hlwkhu � ? � ru �33 ? �@+�� �,1 Li �� � 4 wkhuh h{lvwv d
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whfkqrorj| L vxfk wkdw qr txdolw| ri fdslwdo juhdwhu wkdq L lv hyhu surgxfhg/ dqg
d shulrg W vxfk wkdw iru doo w � W

� Li �� @ 4> f�w @ f�W

� Li �� ? 4> f�w.4 ? f�w ? 4=

Surri1 Xqghu wkh frqglwlrqv jlyhq/ lw iroorzv wkdw t33 A 31 Dv l $ 4/ wkh
Lqdgd frqglwlrq iru f $ 4 lpsolhv

^x3`�4
�
+��,�wt33+�@�,

l�4 ^+��@�,� 4` @ +� � 4,
�

� ^x3`�4
�
t33+�@�,

l�4 ^+��@�,� 4` @ +� � 4,
� $ 3=

Lw iroorzv wkdw wkhuh lv vrph whfkqrorj| L iru zklfk/ iru doo w/

^x3`�4
�
+��,�wt33+�@�,

L�4 ^+��@�,� 4` @ +� � 4,
�
? �L =

Frqvhtxhqwo|/ qr whfkqrorj| l � L lv xvhg wr surgxfh frqvxpswlrq1 Lw iroorzv
wkdw wkh rswlpdo frqvxpswlrq sodq grhv qrw hyhu surgxfh dq| fdslwdo ri txdolw|
l � L1

Iru �� @ 4 wkh fruuhvsrqghqfh F grhv qrw hlwkhu lqfuhdvh ru ghfuhdvh/ lw
vlpso| vkliwv wr wkh uljkw> rqfh w � L lw iroorzv wkdw wkhuh lv d xqltxh dqg wlph
lqghshqghqw �{hg srlqw ri F1

Iru �� ? 4> dv w $ 4 zh kdyh ^x3`�4
�
+��,�wt33

� $ 3/ vr hyhqwxdoo| wkh �{hg
srlqw ri F pxvw olh ehorz 41 Vlqfh ^x3`�4

�
+��,�wt33

�
lv dovr vwulfwo| ghfuhdvlqj/

vr lv f�w =

Wklv wkhruhp dovr ghprqvwudwhv dqrwkhu lpsruwdqw srvvlelolw| lq wklv hfrq0
rp|= sdwk ghshqghqfh1 Wkdw lv/ vxssrvh wkdw �� ? 4 dqg � A �1 Wkhq li
lqlwldo fdslwdo h{fhhgv wkh ohyho �33 � �@+� � �, qhhghg iru wkh Vrorz sdwk/ wkh
orqj uxq lv rqh ri whfkqrorjlfdo lqqrydwlrq dqg vxvwdlqhg jurzwk1 Rq wkh rwkhu
kdqg/ li lqlwldo fdslwdo idoo d elw vkruw ri wkh wkuhvkrog/ vr wkdw �33 ? �@+� � �,
lq wkh orqj0uxq rqo| wkh orzhvw srvvleoh txdolw| fdslwdo lv surgxfhg/ wkhuh lv
xqhpsor|phqw/ dqg frqvxpswlrq frqwlqxdoo| idoov1 Lq sduwlfxodu/ li zh zhuh wr
frpsduh wzr hfrqrplhv zlwk gl�huhqw lqlwldo fdslwdo hqgrzphqwv/ rqh deryh dqg
rqh ehorz wkh wkuhvkrog/ zh zrxog glvfryhu wkdw wkh| gr qrw �frqyhujh� wr wkh
vdph orqj0uxq jurzwk sdwk1

Ilqdoo|/ zh srlqw rxw d ixuwkhu lqwhuhvwlqj surshuw| ri rxu hfrqrp|= frq0
vxpswlrq dqg jurzwk sdwkv wkdw/ ghshqglqj xsrq lqlwldo frqglwlrqv/ pd| eh
vwulfwo| qrq prqrwrqh1 Pruh suhflvho|/ hyhq zkhq �33 ? �@+�� �, wkh hfrqrp|
pd| lqqrydwh dqg jurz iru vrph shulrg ri wlph/ ehiruh idoolqj edfn lqwr vwdj0
qdwlrq1 Iru hfrqrplhv ri wklv nlqg/ uhodwlyho| ulfk dw wkh ehjlqqlqj exw kljko|
lpsdwlhqw ru qrw yhu| h!flhqw dw uhsurgxflqj douhdg| h{lvwlqj fdslwdo/ frqvxps0
wlrq zloo jurz dw d udwh � A 4 iru d zkloh dqg wkhq udslgo| ghfuhdvh dw d udwh
+��,4@+4.�, iru hyhu1 Lw lv dv li wkh dlusodqh jhwv r� wkh uxqzd|/ wkhq idoov edfn
wr wkh jurxqg1

Wr vhh wklv frqvlghu dq hfrqrp| lq zklfk � A �/ �� ? 4 dqg �@+� � 4, ?
�33 ? �@+�� �,1 Lq wkh frpshwlwlyh htxloleulxp/ iru W � 4 shulrgv frqvxpswlrq
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jurzv dw d udwh �/ vwduwlqj dw f3 @ 4/ dqg idoov dw d udwh +��,4@+4.�, iru w A W 1
Wkh ohqjwk W ri wkh �whpsrudu| jroghq djh� fdq eh frpsxwhg dv wkh kljkhu
lqwhjhu iru zklfk

W[
w@3

�
�

�

�w

? �33=

Rqh fdq fkhfn wkdw/ iru W $ 4 wkh ohiw kdqg vlgh ri wkh odvw h{suhvvlrq frqyhujhv
wr �@+�� �,/ wkh plqlpxp lqlwldo frqglwlrq wr dfklhyh hwhuqdo qluydqd1

7 Frqfoxvlrq

Zh h{dplqh d prgho lq zklfk dq hvvhqwldo lqsxw fdqqrw eh lqfuhdvhg dw wkh
vdph vshhg dv wkh rwkhuv1 Khqfh/ jurzwk lq shu fdslwd frqvxpswlrq qhhgv
idfwru vdylqj lqqrydwlrqv wr wdnh sodfh1 Dq lqqrydwlrq/ qhz pdfklqh/ lv idfwru
vdylqj zkhq lw uhgxfhv wkh lqsxw uhtxluhphqw ri vrph idfwru shu xqlw ri rxwsxw1
Pdfklqhv wkdw qhhg ohvv ri d fhuwdlq idfwru wkdq rwkhu pdfklqhv pxvw eh pruh
h{shqvlyh1 Khqfh/ idfwru vdylqj lqqrydwlrqv qhfhvvdulo| lqgxfh d qrq0wulyldo
wudgh0r� ehwzhhq fdslwdo zlghqlqj dqg fdslwdo ghhshqlqj1 Fdslwdo zlghqlqj
lv ohvv frvwo|/ exw hyhqwxdoo| klwv d idfwru frqvwudlqw +oderu lq rxu h{dpsoh,
iruflqj jurzwk wkurxjk fdslwdo ghhshqlqj1 Frqvhtxhqwo|/ wkh udwh dw zklfk qhz
whfkqrorjlhv duh lqwurgxfhg ehfrphv hqgrjhqrxv/ ghshqglqj dprqj rwkhu wklqjv
rq wkh udwh ri lqwhuwhpsrudo vxevwlwxwlrq lq frqvxpswlrq/ rq wkh whfkqrorj| dqg
rq wkh hfrqrp|*v lqlwldo frqglwlrqv1 Dv lq rwkhu prghov ri hqgrjhqrxv jurzwk/
wkh udwh ri jurzwk ri frqvxpswlrq lv dovr hqgrjhqrxv lq wkh vdph vhqvh1

Dw ohdvw vlqfh Klfnv +4<65, vhplqdo zulwlqjv/ hfrqrplvwv kdyh ehhq ghedwlqj
derxw idfwru vdylqj lqqrydwlrqv wkdw duh �eldvhg�1 Wkh odwwhu whup lqglfdwhv wkdw
whfkqrorjlfdo surjuhvv dxjphqwv surgxfwlylw| iru vrph idfwru+v, pruh wkdq iru
rwkhuv dqg lw grhv vr ehfdxvh ri uhodwlyh sulfh lqfhqwlyhv1 Zh kdyh exlow d jhqhudo
htxloleulxp prgho lq zklfk wkhvh flufxpvwdqfhv duh uhdol}hg dqg orrnhg dw wkhlu
lpsolfdwlrqv1 Rxu pdlq �qglqj lv wkdw/ xqghu wkhvh flufxpvwdqfhv/ whfkqrorjlfdo
dgrswlrq lv olnho| wr eh hqgrjhqrxv dqg/ lqghhg/ d�hfwhg e| uhodwlyh sulfhv dqg
lqlwldo frqglwlrqv1 Ixuwkhu/ zh kdyh suryhg wkdw zkhq whfkqrorjlfdo surjuhvv lv
idfwru vdylqj lw pxvw frph lq f|fohv xqohvv vshfldo flufxpvwdqfhv rffxuu1

Zh kdyh fkrvhq wr prgho wkh idfwru frqvwudlqw dv elqglqj lq wkh frqvxpswlrq
vhfwru rqo|/ dqg wr frqfhqwudwh rq wkh fdvh ri mxvw rqh �{hg idfwru1 Krzhyhu/
wkh edvlf phvvdjh uhpdlqv wkh vdph uhjdugohvv ri vxfk vlpsoli|lqj uhvwulfwlrqv1
Reylrxvo|/ zkhq wkh vfdufh idfwru fdq jurz dw d udwh q/ wkh zkroh dqdo|vlv
fdq eh uhsolfdwhg iru � A q1 Zkhq pruh wkdq rqh vfdufh idfwru h{lvwv/ idfwru
vdylqj lqqrydwlrqv fdq wdnh sodfh dorqj gl�huhqw gluhfwlrqv1 Zkloh wklv pd|
frpsolfdwh wkh prgho dqg lwv htxloleulxp g|qdplfv/ surylglqj dq lqwhuhvwlqj
wrslf ri ixwxuh h{whqvlrqv/ wkh edvlf phvvdjh derxw wkh rvfloodwru| qdwxuh ri
idfwru vdylqj whfkqrorjlfdo lqqrydwlrq zrxog rqo| eh vwuhqjwkhqhg1 Ilqdoo|/
wkh edvlf phvvdjh grhv qrw ghshqg xsrq wkh vhfwru lq zklfk wkh frqvwudlqw
elqgv/ ru zkhwkhu oderu lv shuihfwo| preloh ehwzhhq wkh wzr vhfwruv1 Lqghhg/ zh
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zrunhg rxw suholplqdu| yhuvlrqv ri wkh fdvh ri shuihfw oderu prelolw| ehwzhhq
wkh wzr vhfwruv/ zlwkrxw txdolwdwlyho| gl�huhqw uhvxowv1 Qrwlfh/ lqflghqwdoo|/ wkdw
rxu h{dpsoh grhv qrw uhtxluh wkdw wkhuh eh qr oderu xvhg lq wkh surgxfwlrq ri
fdslwdo/ mxvw wkdw wkhuh lv oderu lpprelolw| ehwzhhq wkh wzr vhfwruv/ dqg wkdw wkh
oderu frqvwudlqw elqgv �uvw lq wkh frqvxpswlrq vhfwru1 Wklv sduwlfxodu h{dpsoh
lv d xvhixo vwduwlqj srlqw ehfdxvh ri lwv vlpsolflw| dqg wkh vwdun uhvxowv lw gholyhuv1
Lq dgglwlrq zh gr qrw wklqn wkh dvvxpswlrq ri shuihfw oderu prelolw| ehwzhhq
wkh wzr vhfwruv lv hvshfldoo| pruh sodxvleoh wkdq frpsohwh lpprelolw| ehwzhhq
wkh wzr vhfwruv1

Dsshqgl{

Ohppd 4 D frqvxpswlrq sodq f/ zlwk fw A 3 iru doo w/ pd{lpl}hv X+f, vxemhfw
wr wkh exgjhw frqvwudlqw li dqg rqo| li iru vrph # � 3

sw @ #�wx3+fw,
4[
w@3

swfw @ t33�
3
3 . tc3

Surri1 Wklv lv vwdqgdug1

Wkhruhp 5 Vxssrvh wkdw ��> f� lv d ihdvleoh doorfdwlrq iru wkh lqlwldo frqglwlrq
}31 Wkhq ��> f� vroyhv wkh vrfldo sodqqhu sureohp li dqg rqo| li zh fdq �qg sulfhv
t> s vxfk wkdw t> s> ��> f� duh d frpshwlwlyh htxloleulxp1=

Surri1 Wkdw d frpshwlwlyh htxloleulxp vroyhv wkh vrfldo sodqqhu sureohp lv
d vwdqgdug �uvw zhoiduh wkhruhp surri1 Wr suryh wkh vhfrqg/ zh qhhg wr vkrz
wkdw zh fdq �qg sulfhv wkdw vxssruw d vroxwlrq wr wkh vrfldo sodqqhu sureohp1

Vxssrvh wkdw �/ f� lv d vroxwlrq wr wkh sodqqhu sureohp iru wkh lqlwldo frqgl0
wlrq }31 Ohw }� eh wkh fruuhvsrqglqj lqsxwv1 Ohw }W.4 ghqrwh d yhfwru ri oderu
dqg fdslwdo ri txdolw| l � W . 41 Ohw Y W.4+}W.4, ghqrwh wkh pd{lpxp xwlolw|/
glvfrxqwhg dw w @ 3/ ri ehjlqqlqj zlwk wkh hqgrzphqw }W.4 lq shulrg W . 4

dqg frqwlqxlqj iruzdug1 Ohw XW +f, @
SW

w@3 �
wx+fw,1 Revhuyh wkdw ��/ f� vroyhv

wkh sureohpv ri pd{lpl}lqj XW +f, . Y W.4+}W.4, vxemhfw wr vrfldo ihdvlelolw|1
Wklv lv d �qlwh glphqvlrqdo sureohp1 E| vwdqgdug �qlwh glphqvlrqdo dujxphqwv/
zh fdq �qg �qlwh glphqvlrqdo sulfh yhfwruv tW > sW vr wkdw wkh }hur sur�w frq0
glwlrqv duh vdwlv�hg iru yldeoh dfwlylwhv xs wr W . 41 E| wkh vdph vwdqgdug
dujxphqwv/ wkh yhfwru f�w > w @ 3> = = = > W dqg wkh vfdodu }�W.4 duh rswlpdo iru wkh
frqvxphu xqghu wkh exgjhw frqvwudlqw

SW
w@3 s

W
w fw . tWW.4}W.4 @ t�W3 �33 . tcW3 =

Zh pd| dovr qrupdol}h sulfhv vr wkdw sw @ �wx3+f�w ,= Ohw TW ghqrwh wkh vhw
ri doo +qrq0qhjdwlyh, lq�qlwh glphqvlrqdo sulfh vhtxhqfhv iru zklfk wkh surmhf0
wlrq rq ?W

. � ?5�+W.4,
. lv d vxssruwlqj sulfh yhfwru iru wkh �qlwh glphqvlrqdo

sureohp deryh1 Revhuyh wkdw TW � TW.4 dqg wkdw wkhvh duh forvhg vsdfhv1
Lw iroorzv wkdw T @ _W$4TW lv forvhg/ dowkrxjk srvvleo| hpsw|1 Qh{w re0
vhuyh wkdw tWw.4 lv d vxshujudglhqw ri Y w.4+}w.4, dw }�w.41 Qrwlfh wkdw tWw.4
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lv erxqghg ehorz e| }hur dqg deryh e| vrph �qlwh wzr glphqvlrqdo yhfwru
dv tWw.4}

�
w.4 . Y w.4+3, � Y w.4+}�w.4, dqg wkh odwwhu lv �qlwh1 Lw iroorzv wkdw

wkh lqwhuvhfwlrq T lv qrqhpsw|1 Ohw t eh lq T1 E| frqvwuxfwlrq t dqg s
+zklfk lv xqltxho| gh�qhg iurp wkh �uvw rughu frqglwlrq, vdwlvi| }hur suri0
lwv1 Iurp wkh frqvxphu exgjhw frqvwudlqw lq wkh wuxqfdwhg sureohpv/ zh kdyhSW

w@3 swf
�
w.tW.4}

�
W.4 @ t�3�

3
3.tc3= Vlqfh tw.4 lv d judglhqw ri Y

w.4+}w.4, dw }�w.4>
zh kdyh tW.4}�W.4.Y W.4+3, � Y W.4+}�w.4,1 Dovr Y W.4+3, @ �W.4x+3,@+4� �,
dqg Y W.4+}�W.4, @

S4

w@W.5 �
wx+f�w ,1 Vlqfh

S4

w@3 �
wx+f�w , ? 4 lw iroorzv wkdw

olpW$4 Y W.4+}�W.4, $ 3> dqg vr tW.4}
�
W.4 $ 3/ zklfk jlyhv

S4

w@3 swf
�
w @

t33�
3
3 . tc3

Wkhruhp 6 Iru jlyhq }3/ d frpshwlwlyh htxloleulxp h{lvwv/ dqg wkhuh lv xqltxh
frpshwlwlyh htxloleulxp frqvxpswlrq sodq f�

Surri1 Vlqfh X+f, lv erxqghg deryh rq wkh ihdvleoh vhw ri ihdvleoh frqvxps0
wlrq sdwkv/ lw lv frqwlqxrxv lq wkh surgxfw wrsrorj|1 Vlqfh wklv vhw lv frpsdfw lq
wkh surgxfw wrsrorj|/ dq rswlpxp h{lvwv> lw lv xqltxh vlqfh X lv vwulfwo| frqfdyh1

Gh�qh d vlpsoh sodq wr eh d sdlu ri vhtxhqfhv ri lqwhjhuv +�> �, @ +�3> �3>�4>
�4> = = = , zkhuh �w 5 i4> 5j> �3 @ 4> w � �w � 3> dqg �w A 3 li �w @ 51 D surgxfwlrq
sodq +�> n, lv frqvlvwhqw zlwk wkh vlpsoh sodq +�> �, li

41 h{dfwo| �w gl�huhqw txdolwlhv ri fdslwdo duh hpsor|hg lq shulrg w wr surgxfh
frqvxpswlrq

51 zkhq �w @ 4 wkh txdolw| ri fdslwdo hpsor|hg wr surgxfh frqvxpswlrq lv
�w/ dqg

61 zkhq �w @ 5 wkh wzr txdolwlhv ri fdslwdo xvhg wr surgxfh frqvxpswlrq duh
�w> �w � 41

Zh vd| wkdw d surgxfwlrq sodq h{klelwv ixoo hpsor|phqw li wkhuh lv xqhpsor|phqw
rqo| lq shulrgv zkhuh qr txdolw| ri fdslwdo rwkhu wkdq 3 lv xvhg wr surgxfh
frqvxpswlrq1 Zh vd| wkdw d vlpsoh sodq +�> �, dqg d frqvxpswlrq vwuhdp f duh
frqvlvwhqw li wkhuh lv d ixoo hpsor|phqw surgxfwlrq sodq +�> n, frqvlvwhqw zlwk
wkh vlpsoh sodq wkdw |lhogv wkh rxwsxw f1 Li �w @ 4 dqg �w @ 3 wkhq +�> n, xvhv
h{dfwo| ��ww @ fw � 4 xqlwv ri txdolw| 3 fdslwdo1 Li �w @ 4 dqg �w A 3 wkhq
lw xvhv ��ww @ ��w xqlwv ri txdolw| �w fdslwdo iru ixoo hpsor|phqw/ vr fw @ ��w 1
Li �w @ 5 wkhq zh lw xvhv h{dfwo| ��ww xqlwv ri txdolw| �w fdslwdo dqg h{dfwo|
��w�4w xqlwv ri txdolw| �w � 4 fdslwdo/ zkhuh wkhvh duh wkh xqltxh vroxwlrq ri
��ww @��w . ��w�4w @��w�4 @ 4> dqg ��ww . ��w�4w @ fw=

Iru frqyhqlhqfh/ zh qrz uhsolfdwh wkh gh�qlwlrqv iurp wkh wh{w1 Iru dq|
jlyhq ydoxh ri fw revhuyh wkdw hlwkhu fw � 4 ru iru vrph l A 3> �l�4 ? fw � �l1
Lq wkh iruphu fdvh gh�qh �+fw, @ 3/ lq wkh odwwhu �+fw, @ l1 Ohw

�33+fw, @

+
��wfw �+fw, @ 3

��w
�
�
�

��+fw,
�fw��

�+fw,

��4 . ��w
�
�
�

��+fw,�4
��+fw,�fw

��4 �+fw, A 3
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dqg

�33+f, @
4[
w@3

�33+fw,=

Vhw

�3 @ 4

�l @ +�@�,l�4 ^+��@�,� 4` @ +� � 4, =

Gh�qh wkh fruuhvsrqghqfh f3w 5 Fw+fw> t
3
3, e|

x3+f3w, @ +��,�w t33��+fw, li fw ? ��+fw,> �+fw, � w

+��,�w t33��+fw, � x3+f3w, � +��,�w t33��+fw,.4 li fw @ ��+fw,> �+fw, ? w
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Wklv fruuhvsrqghqfh lv xsshu0khpl0frqwlqxrxv/ frqyh{ ydoxhg dqg qrq0lqfuhdvlqj1

Wkhruhp 7 Iru jlyhq }3 wkh ihdvleoh frqvxpswlrq sodq f� lv dq rswlpxp li
dqg rqo| li wkhuh h{lvwv d t33 vxfk wkdw
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Wkh htxloleulxp surgxfwlrq sodq lv dq| ihdvleoh sodq wkdw surgxfhv f�w xvlqj rqo|
txdolw| �+f�w , dqg �+f�w , � 4 txdolw| fdslwdo/ dqg kdv ixoo hpor|phqw zkhqhyhu
�+f�w , A 31

Surri1 Iru jlyhq }3 vxssrvh wkh ihdvleoh frqvxpswlrq sodq f� lv dq rswlpxp1
Zh �uvw fodlp wkdw wkhuh lv dq lqlwldo sulfh ri fdslwdo t33/ d qrq0qhjdwlyh vhtxhqfh
ri zdjhv z @ +z3> z4> = = = , dqg d vlpsoh sodq +�> �, frqvlvwhqw zlwk f� vxfk wkdw
wkh iroorzlqj frqglwlrqv krog

4, �wx3+f�w ,� ��w+�@�,�wt33 �zw@�
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5, li �w @ 5 wkhq �wx3+f�w ,� ��w+�@�,�w�4t33 �zw@��w�4 @ 3>
6, li �w @ 4 dqg �w ? w wkhq �wx3+f�w ,� ��w+�@�,�w.4t33 �zw@��w.4 � 3>
7, li �w @ 4 dqg �w A 3 wkhq �wx3+f�w ,� ��w+�@�,�w�4t33 �zw@�

�w�4 � 3>
8, zw @ 3 li wkhuh lv xqhpsor|phqw dw w1
Iluvw revhuyh wkdw li fdslwdo ri txdolw| l A 3 lv xvhg wr surgxfh frqvxpswlrq

iru shulrg w dqg wkhuh lv xqhpsor|phqw/ vwulfwo| juhdwhu frqvxpswlrq lq wkdw
shulrg fdq eh kdg e| uhsodflqj txdolw| l fdslwdo lq shulrg w zlwk txdolw| 31 Wkh
ixoo hpsor|phqw frqglwlrq lv frqvhtxhqwo| qhfhvvdu| iru dq rswlpxp dorqj dq|
sdwk wkdw xvhv fdslwdo ri txdolw| rwkhu wkdq l @ 31

Zh qrz dsso| wkh }hur sur�w frqglwlrqv iru frpshwlwlyh htxloleulxp1 Ohw
tlw ghqrwh wkh sulfh ri txdolw| l fdslwdo lq shulrg w/ dqg ohw tcw ghqrwh wkh sulfh
ri oderu1 Ehjlqqlqj zlwk rqh xqlw ri txdolw| 3 fdslwdo lq shulrg 3/ l txdolw|
xsjudghv surgxflqj � xqlwv ri fdslwdo hdfk dqg w� l shulrgv surgxflqj � xqlwv
ri fdslwdo duh uhtxluhg wr jhw iurp txdolw| 3 dw wlph 3 wr txdolw| l dw wlph w/ iru
doo srvvleoh l � w1 Wkh rughu lq zklfk wkh � dqg � skdvhv frph/ grhv qrw pdwwhu1
Lw iroorzv wkhq/ iurp wkh }hur sur�w frqglwlrq dssolhg wr wkh fdslwdo surgxflqj
dfwlylwlhv rqo|/ wkdw li l � w wkhq
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Iurp wkh idfw wkdw oderu fdq dozd|v uhsurgxfh lwvhoi/ zh kdyh

tcw � tcw.4

zlwk htxdolw| li wkhuh lv xqhpsor|phqw lq shulrg w1 Vr zh pd| gh�qh wkh zdjh
udwh

zw @ tcw � tcw.4 � 3=

Zh pd| wkhq zulwh wkh sur�wv iurp wkh dfwlylw| wkdw dw wlph w surgxfhv frq0
vxpswlrq fw.4 iurp txdolw| l fdslwdo dv
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Uhfdoo wkdw lq htxloleulxp sur�wv pxvw eh qrq0srvlwlyh1 Revhuyh wkdw wklv ixqf0
wlrq lv vwulfwo| frqfdyh dv d ixqfwlrq ri l iru �{hg ydoxhv ri fw> t33> zw1 Lw iroorzv
wkdw li wklv lv qrq0srvlwlyh iru doo l � w lw lv }hur iru dw prvw wzr dfwlylwlhv/ lq
zklfk fdvh lv lv vwulfwo| qhjdwlyh iru doo rwkhu dfwlylwlhv/ ru li lw lv }hur iru rqh df0
wlylw|/ lw lv vx!flhqw wkdw lw eh qrq0srvlwlyh iru wkh qh{w kljkhvw dqg qh{w orzhvw
rqhv wr eh qrq0srvlwlyh iru doo dfwlylwlhv1 Vr vlqfh lq htxloleulxp sw @ �wx3+f�w ,
frqglwlrqv 4,08, duh lqghhg qhfhvvdu|1
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ri fdslwdo1 Wkhq yw @ 5 dqg +4, dqg +5, pxvw krog1 Vroylqj |lhogv x3+f�w , @
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Wxuqlqj wr fw @ ��+fw,/ zh kdyh +4,/ +6, dqg +7,
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Zh fdq vroyh wkh �uvw htxdwlrq iru zw= Vxevwlwxwlqj lqwr wkh vhfrqg lqhtxdolw|/
zh vhh wkdw lw lv vdwlv�hg li dq| rqo| li x3+f�, � +��,�w t33��+fw,/ dqg wkh �uvw
li dqg rqo| li +��,�w t33��+fw,�4 � x3+f�,1 Lw lv hdv| wr fkhfn wkdw wkhvh wzr
lqhtxdolwlhv dovr lpso| wkdw zw � 31

Ilqdoo| revhuyh wkdw �33 � �33+f
�, zlwk htxdolw| xqohvv t33 @ 3 vlqfh rwkhuzlvh

lw zrxog eh srvvleoh wr surgxfh f� zlwk ohvv wkdq wkh lqlwldo fdslwdo vwrfn1
Wklv suryhv wkdw wkh frqglwlrqv ri wkh Wkhruhp duh qhfhvvdu| iru dq htxlole0

ulxp1 Wr vkrz wkdw wkh| duh dovr vx!flhqw/ revhuyh wkdw wkh Lqdgd frqglwlrqv
lpso| wkdw x3+�, pdsv ^3>4, rqwr lwvhoi/ khqfh/ iru hyhu| t33 A 3/ wkhuh lv d �33
iru zklfk t33 lv wkh htxloleulxp sulfh ri fdslwdo1 Ohw f� eh wkh fruuhvsrqglqj
rswlpdo frqvxpswlrq1 Wklv vdwlv�hv wkh qhfhvvdu| frqglwlrq f�w 5 Fw+f
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3, kdv d xqltxh vroxwlrq/ lw iroorzv wkdw wkhvh

frqglwlrqv duh vx!flhqw dv zhoo1
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